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1 Introduction 



We consider first the two-dimensional Ising model for a square lattice of M columns and N 
rows. The Hamiltonian is 



C/3 __ , 

£^>I H((Jn, <J NM ) = —H ^ <J nm — J\ ^ (Tnm^n+^m ~ ^2 ^wm°'n,m+l- (1-1) 

cr nm is a classical variable taking on the values ±1. For boundary conditions we can assume 
either that the lattice is wrapped on a torus or we can assume that the lattice has free 
ends. For an M x iV lattice the free energy per site and the magnetic moment per site 
(magnetization) are defined by 



F MN (H) = In I Yj exp{-/3F(an, a NM )} 



M (H \ 1 E CTnm = ±lEm,nC r m«eXp{-/3if((7 11 , ...,(J NM )} = 3F MN 

MN[ 1 MN E CTnm = ± iexp{-/3F(a 11 ,...,^M)} dH' K ' } 

The constant f3 = (kT)" 1 is positive. Yang [1] calculated the spontaneous magnetization 

My ang = | lim lim M M n{oc/M)\. (1.3) 

M and N tend to infinity together, i.e., with M/N a fixed ratio. The spontaneous magne- 
tization of Montroll, Potts and Ward [2] is 

M 2 M p W = Jim (MN)- 2 Yl <<>m><m>MN, (1.4) 
M,N— >oo ' , 

n,m,n',m' 
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where < • • • >mn denotes a thermal average in zero field for an M x N lattice. In order to 
describe the situation in the two-dimensional Ising model we cite the paper [3]: 
"Although a great deal of effort has been spent on the two-dimensional Ising model, the 
amount of exact results is remarkably limited. For the case of the rectangular lattice without 
magnetic field Onsager and Kaufman [4] - [6] have given the free energy per lattice site and 
also the correlation functions for spins at finite distances. In particular, it is readily observed 
that the expression for the two-spin correlation function becomes rapidly more and more 
complicated as the separation between the two spins increases. It is for this reason that it is 
quite difficult to obtain, as first accomplished by Yang [1], the spontaneous magnetization, 
which is closely related to the limiting value at infinite separations of the two-spin correlation 
function." 

Schultz, Mattis and Lieb [7] write on the paper of Yang [1] and on the paper of Montroll, 
Potts and Ward [2]: 

"In contrast to the free energy, the spontaneous magnetization of the Ising model on a 
square lattice, correctly defined, has never been solved with complete mathematical rigor. 
Starting from the only sensible definition of the spontaneous magnetization, the methods of 
Yang, and of Montroll, Potts, and Ward are each forced to make an assumption that has not 
been rigorously justified. The assumptions appear to be quite different; however, from the 
similarities between the difficulties encountered in trying to justify them, and the identity 
of the results obtained, one might conclude that they are closely related." 

Isakov [8] obtained the estimates of the derivatives of the magnetization with respect to 
the magnetic field for zero magnetic field and sufficiently large (3 J\ and /3 J 2- These estimates 
imply that the magnetization cannot be a holomorphic function of the magnetic field. 

In the paper [9] the new definition of the spontaneous magnetization was suggested by 
making use of the one-dimensional Ising model. Let the number a k = ±1, k = 1, N + 1, 
0jv+i = 0i, be given. The partition function of the Ising model with the constant magnetic 
field H(k) = H,k = 1,...,N, is 

N N 

Z (J,H;T(1,N))= Yl exp{/3 J 5> fe( 7 fe+1 + $> fc }. (1.5) 

<r fc = ±i, fc = i,...,JV+i, k = l k = l 

Due to ([10], Chapter II, formula (4.5), Chapter III, formulas (2.10), (2.13)) the partition 
function and the average total magnetization are 

Z (J, H- T(l, iV)) = (A + ( J, H)) N + (A_(J, H) f, 
\±(J,H) = exp{/3J}(cosh/3#± (sinh 2 /3F + exp{-4/3J}) 1/2 ), (1.6) 

M ( J, H- T(l, TV)) = /T 1 ^ In Z (J, H; T(l, N)), (1.7) 
lim N^MoiJ, H;T(1, N)) = (sinh 2 /3H + exp{-4/3J}y 1/2 sinh/3H. (1.8) 

N->oo 

For the vacuum (J = 0) the definition (1.5) implies 

Z (0,H;T(1,N)) = (2coshf3H) N (1.9) 

and the magnetization (1.8) for J = is equal to tanh/Sif. It seams natural that the 
magnetization (1.8) (magnetic moment per site) of the vacuum (J = 0) should be zero. 
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One edge has two boundary vertices. The "energy" of the magnetic field for an edge is 
the product of the magnetic fields corresponding to the boundary vertices of edge. Summing 
up the "energies" of the magnetic field H{k) = H, k = 1, N, over all edges we get 

N 

]T H(k)H(k + 1) = NH 2 , H(N + 1) = H(l). (1.10) 

k = l 

The average total magnetization (1.7) and the "energy" (1.10) become infinite for N — > oo. 
In order to obtain the finite values in the quantum field theory the "re- normalized" constants 
are used. In the definition (1.3) Yang used the "re- normalized" constant magnetic field 
H/M = (M/iV)~ 1/2 (MiV)~ 1/2 #. The lattice has M columns and N rows with the fixed 
ratio M/N. We consider the "re- normalized" constant magnetic field 

H(k) — 7V~ 1/2 /3 _1 tanh /3H, k = l,...,N, (1.11) 

to get the finite "energy" (1.10) for N — > oo. In view of the relations (1.6), (1.9) we get the 
spontaneous magnetization for the "re- normalized" constant magnetic field (1.11) 

For the vacuum (J = 0) the spontaneous magnetization (1.12) is equal to zero. The value 
(1.12) is called the spontaneous magnetization since the "re-normalized" constant magnetic 
field (1.11) tends to zero when N — > oo. 

Due to ([10], Chapter III, formula (3.1)) the two-spin correlation function 

N 

<a m cr n > N =(Z o (J,0;T(l,N)))- 1 J2 a ^n exp{/3J ]T a k a k+1 }, (1.13) 

<7 fc =±l, k = l,...,JV+l, k=l 

"N+1 = CT 1 

m, n — 1, ...,N. The definitions (1.5), (1.13) and the relation (1.9) imply 
V „_ 2 8 2 ( Z„(J,H;T(1,N)) \ 

m ^.,^ < ^" >N=0 ain{ b uo,H-,ni,N))) H _,- (L14) 

The relations (1.6), (1.9), (1.14) imply 

lim iV -1 V < o m o n > N = exp{2f3J} - 1. (1.15) 

m,n = 1,...,JV, mjtn 

By making use of the relation (1.15) it is possible to express the spontaneous magnetization 
(1.12) through the two-spin correlation functions 



n^oo dx \ Z o (0, N- l / 2 (5~ l x] T(l, N)) 



x = tanh (5H 



(2 tanh /3 if) lim iV -1 V < o m o n > N . (1.16) 

N ^°° -, AT 

m,n = 1,...,jv , m<n 

The magnetization (1.8) expression is cumbersome. For the Ising model (1.5) the right-hand 
side of the equality of the type (1.4) is equal to zero. For the sufficiently small fiJ-y and f3J 2 
the equality of the type (1.16) is proved for the two-dimensional Ising model in the paper 
[9]- 

In this paper the correlation functions are calculated and the equality of the type (1.16) 
is proved for the d - dimensional Ising model (d — 1, 2, 3) with the free boundary conditions 
and for the d - dimensional Z 2 electrodynamics (d — 2, 3) with the free boundary conditions. 
Z 2 electrodynamics was introduced in the paper [11]. 
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2 Correlation Functions 



Let us define Ising model and Z 2 electrodynamics by making use of the algebraic topology 
notations. We consider a rectangular lattice formed by the points with integral Cartesian 
coordinates Xi = ki, M[ < ki < Mj , i — l,...,d, 1 < d < 3, and the corresponding 
edges connecting these vertices. We denote this graph by G{M[, M d , Mi, .., Md) or simply 
G(M). We consider the free boundary conditions. For the periodic boundary conditions 
the lattice is wrapped on a torus. The graph G(M[, ...,M' d ; Mi, .., Md) cells: vertices, edges, 
faces (d = 2,3), cubes (d = 3) are called the cells of dimension 0,1,2,3. They are de- 
noted by s®,s\,sf,s1. The cell complex P{G(M)) consists of the vertices of the graph 
G(M[, ...,M' d ; Mi, .., Md) and of the cells of dimension 1, 2, 3 whose boundaries contain the 
cells of the graph G(M[, M' d ; Mi, .., M d ). Let Zf d = {0, 1} be the group of modulo 2 resid- 
uals. The modulo 2 residuals are multiplied by each other and the group is the field. 
To every pair of the cells s P , s^ _1 there corresponds the incidence number (sf : s P_1 ) G Z^ d . 
If the cell s p ~ l is included into the boundary of the cell s p , then the incidence number 
(sf : s^p 1 ) = 1 G TJ^ d . Otherwise the incidence number (sf : s^ _1 ) = G Z| dd . For any pair 
of the cells sf +1 , s p f x the incidence numbers satisfy the condition 

E ( a r 1 :^)(^:aT 1 )=0. (2.1) 
<eP(G(M)) 

A cochain c p of the cell complex P(G{M)) with the coefficients in the group T^ d is a function 
on the p - dimensional cells taking values in the group TJ^ d . Usually the oriented cells ±s p are 
considered and the cochains are the antisymmetric functions: c p (—s p ) = —c p (+s p ). However, 
— 1 = 1 mod 2 and we can neglect the cell orientation for the coefficients in the group 7J^ d : 
c p (-s p ) = c p (+s p ). The cochains form an Abelian group C P (P(G(M)), Zf d ) 

(c p + c' p )(s P )=c p (s P ) + c' p (s P ). (2.2) 

The homomorphism 

dc p (st l )= E (*J:*rV(«?) (2-3) 
^ e p(G(M)) 

of the group C P (P(G(M)), Zf d ) into the group C p -\P(G(M)), Zf d ) is called the boundary 
operator. Let us introduce the bilinear form on the group C P (P(G(M)), Z^): 

(F,9 p }= E Fiftftf). (2-4) 

«J6P(G(M)) 

The homomorphism 

d*c p (sr 1 )= E 4)^(4) (2-5) 

s^P(G(M)) 

of the group C P (P(G(M)), Z add ) into the group C P+1 (P(G(M)), Z add ) is called the cobound- 
ary operator: 

(f p ,d*g p - 1 ) = {df p ,g p - 1 ), {f p ,dg p+1 ) = (d*f p ,g p+1 ). (2.6) 

The kernel Z P (P(G{M)), Zf d ) of the homomorphism (2.3) is called the group of cycles of the 
complex P(G(M)) with the coefficients in the group Z add . The image B p _i(P(G(M)), Zf d ) 
of the homomorphism (2.3) is called the group of boundaries of the complex P(G(M)) with 
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the coefficients in the group 7Hf- d . The condition (2.1) implies <9*<9* = and dd = 0: the 
group B P _ 1 (P(G(M)), Zf d ) is the subgroup of the group Z P _ 1 (P(G(M)), Z a 2 dd ). 
The energy is the function on the cochains a p E C P (P(G(M)), T£f d ) 

E M^sf 1 );^ 1 ) (2.7) 
< +1 eP(G(M)) 

where an arbitrary function h(e; s p+1 ) on Z 2 dd depends on the cell s p+1 : 

h(e, s r i ) = D( S r i )-j(sr 1 )(-iy, m 

D(s P+1 ) = \ (Mi; + MO; ^ +1 )) , J(s P+1 ) = \ (Mi; s p+1 ) - MO; s p+1 )) • 

e — > (— l) e is the isomorphism of the additive group Z 2 dd = {0, 1} into the multiplicative 
group Z 2 = {±1}- The substitution of the equality (2.8) into the equality (2.7) gives 

%(d*a p ) = D + H (d*a p ), D= £ D(s p+1 ), (2.9) 

< +1 GP(G(M)) 

H (d*a p ) = - J2 J(s p+1 )(-l) d * aP{s * +1) . (2.10) 

< +1 €P(G(M)) 

The number (9*o" p (s^ +1 ) is given by the relation (2.5). Let the interaction energy J (si) 
depend on the edge si orientation only: J\ (J 2 ) is J (si) for the horizontally (vertically) 
oriented edges sj. For d = 2, p = and for the numbers <j n>m = (—l) a = ±1 the 

function (2.10) is the energy (1.1), H — 0, for the two-dimensional Ising model 

Mi M 2 Mi Mi 

-■a E E J 2 E E 

(2.11) 

n = M(-l m = M^ ri = M{ m = M! 2 -l 

There are no vertices (M[ — 1, m), (n, M' 2 — 1), (Mi + 1, m), (n, M 2 + 1) in the cell complex 
P(G(M)). The values <TM[-i, m , °"n,M^-i, % 1 +i,m ) o"n,M 2 +i are equal to one. The term 
— JiO"M;,m in the sum (2.11) and other boundary terms are neglected in the Hamiltonian 
(1.1). For p — 1 the function (2.10) is the energy for Z 2 electrodynamics [11]. By making 
use of the numbers <t(s}) = (—1)°" (Si - ) = ±1 it is possible to rewrite the function (2.10), 
p — 1 in the form (2.11) with the products of four numbers cr(sj). The numbers Z 2 dd and 
the algebraic topology notations allow us to consider Ising model and Z 2 electrodynamics 
together. The Ising model and the Z 2 electrodynamics are the mathematical models of the 
ferromagnetic crystals. From the algebraic point of view these models are similar. The 
magnetism is connected with the currents flowing along the closed contours. The expression 
(2.10) gives the energy of the Z 2 - currents flowing along the closed contours ds P+1 . For the 
Z 2 electrodynamics (p — 1) the closed contour dsj consists in general of four boundary edges 
of the face sf . For the Ising model (p = 0) the closed contour dsj consists in general of two 
boundary vertices of the edge s}. It seems that the Z 2 electrodynamics has more physical 
sense than the Ising model. 
The equality (2.9) implies 

J2 exp{-m'o(d*v P )} = Z p (J,0;G(M))e W {-PD}, 

aPeCP(P(G(M)),Z% dd ) 
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Z P (J,0;G(M))= £ exp{-PH (d*aP)}. (2.12) 

crPeC'P(P(G(M)),Z% dd ) 

The function (2.12) is the partition function of Ising model (p = 0) and of Z 2 electrodynamics 
(p = 1) in the absence of magnetic field. 

Let the cochain X p e C P (P(G(M)), Zf d ) take the value 1 G Z^ at the cells s\,...,s p m 
and be equal to G at all other p - dimensional cells of the graph G(M). The function 

a( X p ;G(M)) = 

(Z p (J, 0; G(M)) expj-^D})- 1 £ (-1)<*^ P > expf-/^*^)} = 

CT P 6 CP(P(G(M)),Z° dd ) 

(Z p ( J, 0; G(M)))- 1 £ (-1)<**"*> exp{-/5ff o (0V)}, (2-13) 

aPeCP(P(G(M)),Z% dd ) 

(_l)<x p ,o- p > — (_i)°- p (si) . . . i s the correlation function at the cells sf,...,s^ of the 

lattice G(M). The definitions (1.13) and (2.13) are consistent. If the cochain takes the 
value G Zf d at any p - dimensional cell of the lattice G(M), then the correlation function 
a(0; G(M)) = 1. The function (2.13) is the correlation function of Ising model (p = 0) and of 
Z 2 electrodynamics (p = 1) in the absence of magnetic field. For the particular values of the 
interaction energies the correlation functions of the three-dimensional Z 2 electrodynamics 
with free boundary conditions are calculated in the paper [11]. These correlation functions 
are connected with the correlation functions of the two-dimensional Ising model. Below we 
calculate the correlation functions of the Ising model and the Z 2 electrodynamics for the 
case when the sign of the interaction energy J(s P+1 ) is independent of the cell s p+1 and 
the interaction energy J(sf +1 ) depends on the cell s p+1 . The interaction energy J(s p+1 ) is 
supposed to be small in contrast with the paper [8]. 

By making use of the harmonic analysis on the group C P (P(G(M)), Z?, dd ) and the first 
relation (2.6) it is possible to prove ([12], Proposition 3.1) 



Z P (J, 0; G(M)) = 2 #(G;p) 



I] cosh pj(s p+1 ) I Z r , p (J,0;G(M)), (2.14) 

\s P+1 G P(G(M)) 



Z r , p (J,0;G(M))= \\e +1 \\j,G(M), (2-15) 

£P+i eCP+ 1 (P(G(M)),Z% dd ), a^p+i = o 

a( X p ;G(M)) = (Z rjt (J, 0; G(M)))- 1 £ \\e +1 \\j,G(M), (2.16) 

£ P +i eCP+ 1 (P(G(M)),Zf d ), d^P+ 1 = X p 

\\e +1 \UG(M)= II (tanh/3J(^ +1 )) ' \ (2-17) 

< +1 eP(G(M)) 



l-(-l) e [1, e=lGZ 



add 
2 



e = G Z 



The constant #(G(M);p) is the total number of the p - dimensional cells of the cell complex 
P(G(M)). The correlation function (2.16) is equal to zero for x p i B P (P(G(M)), Zf d ). 
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For the cochain x° £ B (P(G(M[; Mi))), Z 2 dd ) the equation <9£ x = x° nas the unique so- 
lution. The group of cycles Z 1 (P(G(M[; Mi)), Z a 2 dd ) consists of the cochain 0. The equalities 
(2.15), (2.16) imply 

Z r , (J,0;G(M[;M 1 )) = l, (2.19) 

a( X °;G(M[;M 1 )) = H^U^m^)- ( 2 -20) 

For the cochain x° £ B (P(G(M[; Mi)), Zg**) the equation d^ 1 = x° has no solutions. The 
equality (2.16) implies 

a( X °; G(M[; Mi)) = 0, X ° i B (P(G(M[; Mi)), Zf ). (2.21) 

For the cochain x 1 e Bi(P(G(M[, M 2 , Mi, M 2 )), Z^). The equation <9£ 2 = x 1 has unique 
solution. The group of cycles Z 2 (P(G(M[, M' 2: M u M 2 )), Z^) consists of the cochain 0. The 
equalities (2.15), (2.16) imply 

Z r ,i(J, 0; G(M[, M' 2 - Mi, M 2 )) = 1, (2.22) 

a[x l ;G{M[,M' 2 -M u M 2 )) = \\Z 2 \\j, G (mm,m u m 2 )- (2.23) 

For the cochain x 1 i B 1 {P(G{M' 1 ,M' 2 ;M 1 ,M 2 )),Z 2 ldd ) the equation <9£ 2 = x l has no solu- 
tions. The equality (2.16) implies 

aix 1 ; G(M[, M' 2 - Mi, M 2 )) = 0, x 1 { B 1 (P(G(M[, M' 2 - M u M 2 )), Zf )■ (2.24) 

The partition function (2.14) for p = 0, d = 2 was "obtained" by Kac and Ward [13]: 
"The partition function of the two-dimensional square net Ising model can be easily put in 
the form [14] 

(co^0J 2 ) h (co8h0J 1 ) v ^2g(l,k)x l y k , (2.25) 

where 

x = tanh/3J 2 , y = tanh/3Ji, 

h the total number of horizontal links, v the total number of vertical links, and g(l,k) the 
number of "closed polygons" with / horizontal and k vertical links." 
Let us compare the expression (2.14) with the expression (2.25): 

(cosh/3J 2 ) /l (cosh/3J 1 )^^(/,A;)(tanh/3J 2 ) i (tanh/3J 1 ) A; = 

\ 

1] coshMsf 1 ) E \\e\\j,G(My (2.26) 

v sf +1 eP(G(M)) / £ 1 ec 1 (P(G(M)),z% dd ), ae = o 

The interaction energy J(sj) depends on the orientation of the edge s] only. The normal- 
ization constant 2^ G ^ M ^ = (#{e £ Z 2 dd })^ G ^ M ^ for the harmonic analysis on the group 
C p (P(G(M)),Zf d ) is missed in the expression (2.26). 

There is no any expression for the partition function of Ising model in the paper [14]. 
Van der Waerden believed that the sum with the " long order" [14] 

g(l, k)z l+k , z = exp{-/3 J} ^ tanh (3J (2.27) 

is important to study the crystals. g(l,k) is the number of closed polygons with I horizontal 
and k vertical links. It seems that the definitions of the number g(l,k) in the papers [13] 
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and [14] are different. Van der Waerden did not use the modulo 2 residuals. Kac, Ward [13] 
and van der Waerden [14] did not consider the correlation functions and avoided to use the 
algebraic topology notations. The relation (2.16) needs the algebraic topology notations. 

Let the edge {(k u k 2 ), (h, l 2 )} have the end vertices (k u k 2 ), (h, l 2 ) £ G{M[, M 2 ; M u M 2 ). 
The oriented edge ((k 1: k 2 ), (h, l 2 )) has the initial vertex (hi, k 2 ) and the final vertex (l x , l 2 ). 
Kac and Ward [13]: "In the main body of the paper we shall explain in detail the method 
of computing which yields the partition function up to negligible terms due to boundary 
effects. Several combinatorial points will be dealt with a heuristic manner only. We do not 
go into the details of rigor because our main aim is not so much an alternative derivation of 
the Onsager-Kaufman formula but a demonstration that a combinatorial approach is indeed 
possible." Kac and Ward [13] discussed the following formula for the partition function (2.15) 

Z r , (J, 0; G[M[, M' 2 - M u M 2 )) = det(J + T( J)) (2.28) 

where I is the identity matrix on the set of the oriented edges ((hi, k 2 ), (h,l 2 )) and the 
interaction matrix 

71 (^)(((fci,ta),(ii,ia)),((fci,fcS),(ii,ii))) = °> (h,k) ^ (K>K)> 

T(J)(((k 1 ,k2)Xh,h)),((h,i2),(K' k 2))) = °' (^1,^2) = (K,k 2 ), 
T { J ){{{k u k2),{hM)U{hMUKK))) = tanh(/3J({(A;i,A; 2 ),(/i,/ 2 )}))x 

exp{^ [(h - h, l 2 - k 2 \ (k[ - h, k' 2 - l 2 )]}, (k u k 2 ) ^ (k[, k' 2 ). (2.29) 

For a vertical edge J({(k±, k 2 ), (k±, k 2 + 1)}) = J\ and for a horizontal edge J ({(hi, k 2 ), {k\ + 
1, ^2)}) — -h- The number [(li, l 2 ), 1' 2 )] is the minimal radian measure of the angle between 
the direction of the vector (h,l 2 ) and the direction of the vector (l[,l 2 ). For an arbitrary 
finite connected graph G on the lattice Z x2 the following formula 

Z r 2 ( J, 0; G) = det(J - T( J)) (2.30) 

is proved in the paper [15]. By making use of the formulae (2.16), (2.30) the correlation 
functions of the two-dimensional Ising model with the free boundary conditions are obtained 
in the paper [12]. The formula (2.30) implies the alternative derivation [12] of the Onsager- 
Kaufman formula. For the periodic boundary conditions McCoy and Wu [10] represented 
the partition function (2.15) as the linear combination of Pfaffians. The counterexample for 
the McCoy- Wu formula [10] was constructed in the paper [16]. The Euler characteristic of 
the orientable two-dimensional sphere S 2 is equal to 2. It implies the simple proof of the 
formula (2.30) in the paper [16]. The definition (2.29) uses the plane lattice crucially. The 
formula (2.30) for the three-dimensional Ising model is not clear. 

The spontaneous magnetization (1.16) depends on the correlation functions only. By 
making use of the formula (2.16) we shall obtain the correlation functions of the d - di- 
mensional Ising model (d — 2, 3) and of the three-dimensional Z 2 electrodynamics with the 
free boundary conditions without calculation of the partition functions (2.15). In order to 
calculate the correlation functions (2.16) we need the notion of the connected cochain. 

The set of the cells sf +1 on which the cochain ( p+1 e C p+1 (P(G(M)),Zf d ) takes the 
value 1 G Z 2 dd is called the support of the cochain C p+1 - The nonzero cochain ( p+1 e 
C P+1 (P(G(M)), Zf d ) is called connected if for any two cells s P+1 , s P+1 from the support of 
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p+1 _ p+1 „p+l „p+l 



the cochain ( p+1 there exists a connecting sequence of the cells s P = , s r 2 ' , ...,s' l _ 1 , 
s p+1 = s P+1 from the support of the cochain ( p+l with the common boundary cells: 

4-- = 4)(4 + + \ ■ 4) = 1 G Zf d , fc = l,...,Z-l. (2.31) 

Any nonzero cochain £ p+1 G C P+1 (P(G(M)), Z^) can be uniquely represented as the sum 
of the connected nonzero cochains e C P+1 (P(G(M)), Z% dd ), m = l,...,k. For m ^ n 
the cells from the supports of the cochains Cm +1 > ( p+1 have no the common boundary cells: 

(*T 1 = : 4) = G Zf*, = 1, C +1 (^ +1 ) = 1, m ^ n, (2.32) 

m, n = 1, k. For the nonzero cochain x p £ B P (P(G(M)) ) Z% dd ) any solution of the equation 
<9£ P+1 (M) = x p can be uniquely represented as 

C P+1 = E A?+ 1 (M)+ef +1 . (2.33) 
ii = i 

The connected cochains Af+^M) G C P+1 (P(G(M)), Zf d ), % x = 1, fci, satisfy the equations 

^E Aff(M)j =x P ; 9A^ 1 (M)^0; 

( S ? +1 : s p )(s p+1 : s?) = 0, A?+ 1 (M)( S r 1 ) = 1, A?J 1 (M)( S f J ) = 1, ^ ^ (2.34) 
ii, ji = 1, h. The cochain £ p+1 G C P+1 (P(G(M)), Z^ d ) satisfies the equations 

dg +1 = 0; 

(s p+l : S f)(4 +1 : 4) = 0, ^ +1 (^ +1 ) = 1, A?+ 1 (M)( S f x ) = 1, t! = 1, (2.35) 

The cochain x p does not determine the integer k\ in the relations (2.33) - (2.35). The integer 
hi does not exceed the total number of cells in the support of the cochain x p ■ The relations 
(2.17), (2.34), (2.35) imply 

II E Aff(M) +e i +1 \\j,G(M) = ( ft l|Aff (M)|| J>o(Jl0 ) H^IUam)- (2.36) 
ii = i \ii = i / 

In view of the equality (2.33) the relation (2.16) may be rewritten for the nonzero cochain 
X p eB p+1 (P(G(M)),Zf d ) aS 

«(X P ;G(M))=E E f ft IIA^WIUam) 

l<fel Af+^M): (2.34) V.* 1 = 1 



x ( 1 + a fx P , E A^^M); G(M ) , (2.37) 



ii = i 
fci 

1 + « ( X P , E A^(M);G(M) 
ii = i 
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(Z r , p (J,0;G(M)))- 1 ]T H^IUam)- (2.38) 

(2.35) 

The cochain e Z p+1 (P(G(M)), Zf d ) may have the form similar to the sum (2.33) 

e +1 = E Ag 1 (M)+er 1 . (2.39) 

12 = 1 

The connected cochains Af+^M) e C P+1 (P(G(M)), Zg*'), i 2 = 1, k 2 , satisfy the equations 

9Ag 1 (M) = 0; 

V* 2 3z l5 z,i,Z : ( S ? +1 : sf)( S f 1 : sf) = 1, Ag 1 (M)( S f +1 ) = 1, A?+ 1 (M)( S f *) = 1; 
(s^ : S f)( S f 1 : *f) = 0, Ag 1 (M)(,r 1 ) = 1, \^{M){s p+1 ) = 1, i 2 ^ j 2 , (2.40) 
z 2 , j" 2 = 1, Afe- The cochain G C P+1 (P(G(M)), Z^) satisfies the equations 

^ +1 = 0; ( S ? +1 : 5 f)( S f 1 : 5 f)=0, 

^T 1 ( a r 1 ) = l, A^(M)( S f x ) = 1, * n = l,...,A; n , n = l,2. (2.41) 

If the cochains A^^M) = 0, then the equations (2.41) coincide with the equations (2.35) 
and the cochain (2.39) coincides with the cochain satisfying the equations (2.35).. The 
relations (2.40), (2.41) imply for the cochain (2.39) the relation similar to the relation (2.36). 
The relations (2.15), (2.35), (2.38) - (2.41) imply 

Z r , p (J,0;G(M))= J2 \\ei +1 \\.J,G(M) + 

€f +1 :(2.35) 

E E ( ft W^mUaiM)) E II^IUgw, (2.42) 

l<k 2 \P+ 1 (M):(2A0) \*2 = 1 / £P+! : (2.41) 

l|A^(M)|| J,G(M) 



«fx P , E A?^(M);G(M)U E E (ft 

V «l = 1 / !< fe 2 Af+^M): (2.40) \»2 = 1 



X 



l + al X p , E Aff(M), E A^(M);G(M) , (2.43) 

y \ ii = l i2 = l / / 

+ a [ x p , E Aff(M), E g(m) J 



ii = 1 12 = 1 

E lleni.AM) E ll^llw)- (2.44) 

( 2 -35) / (2.41) 

We continue this process to construct the sequence of the connected cochains \^(M), 
i n = 1, ...,&„, n = 1,2,..., from the group C P+1 (P(G(M)), Z 2 dd ) satisfying the equations 
(2.34) for n — 1, (2.40) for n = 2 and the equations 

(s^ : S ?)( S f 1 : sf) = 0, A^ 1 (M)( S f +1 ) = 1, X p ^jM)(s P+1 ) = 1, 
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i n 1, k n , i m 1, k m , Tfi 1 , — ,77- 2 > 1, 
Vi n 3^,1, j, I : (sf +1 : sf)(s^ +1 : sf) = 1, 

A p n t 1 (M)( S f 1 ) = 1, A^_V 1 ( M )(4 +1 ) = 1, n > 2; 

9A^ 1 (M) = 0; ( S r 1 : S f)( S f 1 : S f) = 0, 

A^ 1 (M)( S f 1 ) = 1, A^(M)( S f x ) = 1, i B ^ Jri , i n ,j n = l,...,k n , n > 2. (2.45) 

We construct also the sequence of the cochains n = 1,2,..., satisfying the equations 

(2.35) for n = 1, (2.41) for n = 2 and the equations 

^ +1 = 0; ( S r 1 : S f)( S f 1 : S f) = 0, 

C^MXsf 1 ) = 1, A^l(M)( S f 1 ) = l, i m = l, m = l,...,n>l. (2.46) 

Similarly to the relations (2.43), (2.44) we have the anti-recurrent relations for n > 2 

(fci fc n 
X P , E Aff(M),..., E A p „t 1 (M);G(M) 
ii = 1 in = 1 

(fcn+1 \ 
n iiajSwMii^w) 
«n+l = 1 / 

(2.45), n -> n+1 

(I fcl fcn+1 

1 + a [x P , E Ai^CM), E <i )ln+1 (M); G(M) ] ] , (2.47) 
\ ii = l i n+ i = l 

l + « E A^ 1)ln+1 (M);G(M) 

\ h = 1 »n+l = 1 

E IIOUgw) E II^IUam)- (2.48) 

(2.46) / (2.46), 

For the finite graph G(M) the group C P+1 (P(G(M)), Zf d ) contains the finite number of the 
cochains. Let N(X, G(M)) + 1 be the maximal number of the cochain in the cochain sequence 
satisfying the equations (2.34), (2.40), (2.45). Let A^ A G( - M ^ +2 (M) be the connected cochain 
satisfying the first and the third equations (2.45). If the second equality (2.45) for n = 
N(X, G(M)) + 2 holds, then we have constructed the sequence of the cochains A^ 1 (M), 
C^fM), A^ 2 (M), n = N(X,G(M)), satisfying the equations (2.34), (2.40), (2.45). 
This sequence of the cochains does not exist. Therefore the second equality (2.45) for 
n = N(X, G{M)) + 2 is not valid and the group of the cochains (2.46) for n = N(X, G(M)) 
coincides with the group of the cochains (2.46) for n = N(X,G(M)) + 1. Now the relation 
(2.48) implies 



a 



fcl fcn+1 

X p , E Kt\M),..., E A^ 1K+1 (M);G(M) ] =0, n = N(X,G(M)). (2.49) 

*1 = 1 «n + l = l 
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The anti-recurrent relations (2.37), (2.43), (2.47), (2.49) define the correlation functions for 
the finite graph G(M). 

The length of G C P+1 (P(G(M)), Zf d ) is the number of the cells in the support 

\e +1 \ Gm = E ra-ir 1 ^ 1 )). (2.50) 
< +1 eP(G(M)) 

r((— l) e ) is given by the definition (2.18). The homology group triviality implies the coinci- 
dence of the groups Z p+1 (P(G(M)), Z add ) and B p+1 (P(G(M)), Z add ) for the graph G(M) = 
G(M[, M' d ; Mi, .., Md). Let us compute the parity of the number (2.50) for the cochain 
d£ p+2 G B p+1 (P(G(M)),Zf d ). Any cell s p+2 from the support of the cochain £ p+2 has 
2(p + 2) boundary cells s P+1 . Let the cell s p+l belong to the boundaries of 2m + 1 cells s p+2 
from the support of the cochain £ p+2 . In order to get the number 2(p + 2)|£ p+2 |p( G ( M )) we 
count the cell s p+1 exactly 2m + 1 times. The cell s P+1 should be included into the support 
of the cochain d£ p+2 . Let the cell s P+1 belong to the boundaries of 2m cells s p+2 from the 
support of the cochain £ p+2 . In order to get the number 2{p + 2)|£ p+2 |p( G ( M )) we count the 
cell s p+l exactly 2m times. The cell s p+l should be excluded from the support of the cochain 
<9£ p+2 . The parities of the numbers |<9£ p+2 | G (m) and 2(p + 2)|£ p+2 |p( G ( M )) coincide 

I^ p+2 |g(m) = mod 2. (2.51) 

Let the sign of the interaction energy J(s p+1 ) be independent of the cell s p+1 . The equalities 
(2.17), (2.51) for a cochain e Z p+1 {P{G{M)),Z a 2 dd ) = B p+1 {P{G{M)),Z a 2 dd ) imply 

\\i P+1 \\jMM)= II (tanh^J( S r 1 )) T((_1) ^ K )} >0. (2.52) 

sf +1 SP(G(M)) 

r((-l) e ) is given by the definition (2.18). The definitions (2.43), (2.47), (2.49) and the 
inequality (2.52) imply 

(fei k„ \ 

X p , E Ag^M), E Ki\M); G(M) > 0, n = 1, N(X, G(M)) + 1. (2.53) 
ii = l i„ = 1 / 

Let us estimate the number of the connected cochains A p+1 with the value A p+1 (s P+1 ) = 
1 G ZJf^ at the fixed cell s P+1 . Let s p be a boundary cell of the cell s p+1 . In order to 
construct a new (p + 1) - dimensional cell of the graph G(M[, M' d ; Mi, .., Ma) with the 
boundary cell sf we need to choose a vertex of the cell sf and one of 2(d — p) — 1 edges 
orthogonal to the cell s p . One edge orthogonal to the cell s p corresponds with the fixed cell 
s P+l . Any number 1, 2(d — p) — 1 of the new (p+1) - dimensional cells with the boundary 
cell s p may belong to the support of the cohain \ p+1 . Due to the Newton binomial formula 
the possible number of these sets of the cells from the support of the cohain A p+1 is equal to 

(2(J-p)-l)l l — 2 2 ' rf- P' -1 — 1 (2 54) 

The number (2.54) implies the estimation 

#{connected \ p+1 : \ p+1 (s p+1 ) = 1} < 2^ d ~ p ^ XP+1 \o(M ) -D . ( 2 .55) 
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If the sign of the interaction energy J(s P+1 ) is independent of the cell s P+1 and the interaction 
energy J(s P+1 ) satisfies the inequality 

|tanh/3J(s? +1 )| < 2 2 ^ +1 , (2.56) 

then the inequalities (2.53), (2.55) imply that the sums (2.37), (2.43) and (2.47) are bounded 
by the constants independent of the graph G(M). 

Let us prove that the sequence of the correlation functions a(x p ] G(M)) is the convergent 
Cauchy sequence when G(M) ->■ Z xd . Let the graph G(N[, N' d ; N u .., N d ) be the subset 
of the graph G(M[, M' d ; M 1 , .., M d ): M[ < N[, N { < Mj, i — l,...,d. The connected 
cochain A^(M) e C P+1 (P(G(M)), Z^ d ) coincides with the connected cochains A^(iV) e 
C P+1 (P(G(N)), Zi% dd ) when all the cells from its supports belong to the graph G(N). The 
equation (2.37) for the nonzero cochain X p G B p+1 (P{G{N)) ) Z a 2 dd ) implies 

a( X p ;G(M))-a(^;G(A0)= £ £ 

l<fcl \P+ 1 (N)eCP+ 1 (P(G(N)),Zf d ): (2.34) 

ft II^WHW)) fl + «(x P , E A?+ 1 (iV);G(M) 
v n = i / \ \ h = i 

x (l + ol (^x P , E Ag^JV); G(iV) j j (a E AS 1 ^); G(iV) 
-«fx p ,E AS 1 W;G(M)))+ E E 

\ il=l // l<fcl \P+l(M)eCP+ 1 (P(G(M)),Z% dd ), 

\P+1(M) <£ CP+ 1 (P(G(N)),Z.addy (2.34) 

ftj|Aff(M)|U 0(M) ) + E Aff(M);G(M)jj . (2.57) 

The equations (2.43), (2.47) imply 

« ( X P , E A^(iV),..., E A p „t 1 (iV);G(M) 

h = 1 in = 1 

X P , E A p ^(A0,..., E A p „t 1 (iV);G(iV) ] = 

h = 1 in = 1 

E E f II IIaK 1)Wi (n)||p (0(J v)) 

l<fcn+i A^j^ (JV):(2.45), ra-»ri+l V>+1 = 1 

(/ ki k n +i \ \ - 1 

l + ah'-EW-- E ^ 1)ln+1 (iV);G(M) 
\ ii = l i„+i = l 

x (l + a[x p , E A?^(iV),..., £ A^ lK+i (iV);G(iV) 

V V h = l i„+i = l 
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fcl «n+l 1 

X p , E AffW,..., E A^ 1)in+1 (iV);G(iV) 

il = 1 «n + l = 1 y 

fcl \ \ 

^E^ffW.-. E <i )ln+1 (iV);G(M) 

H =i j n+ i = 1 y / 

+ E E f II ll^ 1)lfc+1 (M)||p (G( M)) 

l<fcn+l AP+1(M) jj CP+ 1 (P(G(iV)),Z^ dd ): \»n+l = l 



(2.45), 71 -> n+1 

-1 



(fcl fcn fcn+1 \ \ 

x'.EW.-.Ett'W E A£ 1)Wl (M);G(M) (2.58) 
il = 1 i„ = 1 i„+i = 1 / / 

for n = 1,...,N(X,G(M))\ m =n- The relations (2.47), (2.49) imply 

(fcl fcn+1 \ 

X p , E ^W.-- E AJ2 W = 1 (JV);G(M) 
ii = l i„+i = l / 

(fcl fcn+1 \ 

x p , E^W,..., E Aj2 w (iV);G(JV) = 
ii = l i„+i = l / 

(fcn+2 
. n iiak^wiip^m)) 
*n + 2 - 1 , 

l.n-t-^;» n _)_2 * 
(2.45), n^n+2 

(/ fcl fcn+l fcn+2 \ \ - 1 

1 + E ^ 1)in+1 (iV), E )in+2 (M);G(M) (2.59) 

\ ii = l i„+i = l i n+2 = l // 

for n = JV(A,G(M))|M=iv- The inequality (2.53) and the equalities (2.57) - (2.59) imply 

(fci ^ 
n \\\&m)\u g{m) 
ii=i 



e ( njiiAffwii W )| ) ( njii^MiuaM 

A ii^ 1(Ar) eCP+ 1 (P(G(JV)),z° dd ) 



V»l = 1 / \*2 = 1 



+ 



"1 

\P +1 (M) £ CP+ 1 (P(G(N)),Z^ dd ): (2.34), (2.40) 



(n+1 h 
n u\\\k\n)\\ jmn) 
i = in = i 

le l I'^-L/'n+l ^ 

(M)jSCP+ 1 (P(G(JV)),Z5 dd ): (2.34), (2.45)) 
(n + 2)i n+2 ^ 



(fcn+2 \ 
II \\Kl2 )in jM)\\j,G(M)\ , n = iV(A,G(M))| M=7V . (2.60) 
«n+2 = 1 / 

For the last multiplier in the n - term (n = 1, iV(A, G(M))|m=jv + 2) of the right-hand 
side of the inequality (2.60) the cochain \%£(M) <£ C p+1 (P(G(N)),Zf d ). The sum 

n-1 
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of the cochain lengths in the n - term of the right-hand side of the inequality (2.60) exceeds 
the minimal distance from the support of the cochain \ p to the boundary of the graph G(N). 
Now the inequalities (2.55), (2.56) and (2.60) imply that the left-hand side of the inequality 
(2.60) is small for the large graphs G(M), G(N): the sequence of the correlation functions 
a (x p ; G(M)) is the convergent Cauchy sequence when G(M) — > Z xd . 



3 Magnetization 

Let us consider the one-dimensional Ising model with the free boundary conditions. We 
rewrite the energy function (2.10) in the form (2.11). For 2N + 1 vertices s k , k = —N, N, 
we define the numbers a k = (— 1) CT < - Sfc - ) = ±1 usual for Ising model. The partition function 
of the Ising model with the constant J (si) — J, k— —N — 1, N, and H(s° k ) = H 

N N 

Z (J,H;G(-N,N))= ]T exp{/3J ]T <j k <j k+1 + (3H £ a k }. (3.1) 

<r fc = ±i, k = -N,...,N, fc = — AT— 1 k = -N 

CT -JV-1 = CT JV+1 = 1 

It is possible to rewrite the definition (3.1) 

Z Q (J, H; G(-N, AO) = Tr [A 2N B) (3.2) 
by making use of the 2x2- matrices 

A+t( ct1 ),i+t( CT2 ) = exp^Ja^ + + 02) j, 

5 i+T(ffi),i+T(«) = exp|/3 + (cti + cr 2 )|, (3.3) 
°"2 = =tl; the numbers t(±1) are given by the definition (2.18). The 2x2- matrix A is 

* = *(W> A _ ( ^ ) )^, 0.4) 

( ePJiX+U^-exptfJ-PH}) 1 \ 

\ 1 e^(A_(J, if) -exp{/?J + /?#}) J ' 

x -i = ( e W( sinh ^ + ( sinh 2 p H + e -W)l/2)2 + ^-i x 

( -eP J {\.{J,K)-e^{pj + PH}) 1 ^ r ^ 

^ 1 - e^(A + ( J, if ) - exp{/3 J - /3ff }) J " ^" D; 

The eigenvalues X±(J,H) are given by the relations (1.6). The equalities (3.4) - (3.6) yield 
the partition function (3.2) 

Z (J,H;G(-N,N)) = (-e 4/3J (sinh /3ff + (sinh 2 /3ff + e" 4 ^) 1 / 2 ) 2 - l)' 1 {\ 2 + N (J, H) 
x (exp{4/3 J + (3H}(\ + (J, H) - exp{/3J - /3H})(\_(J, H) - exp{/3J + /3ff }) 
+ e /3J ((A_(J, H) - exp{/3 J + /3ff }) - (\+(J, H) - exp{/3J - f3H})) 
- exp{-2/3J - f3H}) + A 2JV (J, if )(e^ H (A+( J, if) - exp{/3J - /3ff}) 
x (A_( J, H) - exp{/3 J + /3ff}) + e' 3J (A + ( J, if) - exp{/3J - f3H }) 

-e /3J (A_(J, if) - exp{/3J + /3ff}) - exp{2/3J + pH})}. (3.7) 
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For the periodic boundary conditions the matrix B = A in the relation (3.2) and the partition 
function expression (1.6) is simple. The eigenvalues (1.6) satisfy the inequality 



A_(J,tf) 



\+(J,H) 



|l_ e -W| 



(cosh pH + (sinh 2 pH + e-^ J Y/ 2 ) 2 
h_ e W| 



(e 2 P J cosh pH + (e 4 ^ sinh 2 pH + l) 1 / 2 ) 2 < L ^ 
By making use of the equality (3.7) and the inequality (3.8) we have the same magnetization 

lim (P(2N + l))- 1 A (In Z (J, H; G(-N, TV))) = 

(sinh 2 pH + exp{-4/3 J})~ 1/2 sinh pH (3.9) 
as the magnetization (1.8). For the vacuum (J = 0) the partition function (3.1) is 

Z (0, H; G(—N, TV)) = (2 cosh f3H) 2N+1 . (3.10) 

Due to the relations (1.6), (3.7), (3.10) we obtain the same spontaneous magnetization 

d_( Z (J, (27V + 2)- 1 / 2 /3- 1 a;; g(-TV, TV)) \ 
"™ dx \ 11 Z (0, (27V + 2)-V^-ix; G(-TV, N))) x= ^ H 

(exp{2/3J} - 1) tanh/3# (3.11) 

as the spontaneous magnetization (1.12). 2iV + 2 is the total number of the edges of the cell 
complex P(G(—N,N)). Due to (2.13) the two-spin correlation function is 

< O m G n >2N+1 = (Z (J, 0; G(-N, TV)))" 1 
/ N \ 

a m a n exp{pj °fc°~fc+i} 



x 



, m ,n= —TV, TV. (3.12) 



■ fc = ±l, k=- N,...,N, k = -N-l 

\ a -N-l = a N+l = 1 / 



In view of the relations (3.1), (3.10), (3.12) 



V- R- 2 92 (\ Z (J,H;G(-N,N) \ 

The relations (1.6), (3.7), (3.10), (3.13) imply 

lim (27V + 2)- 1 ]T < a m a n > 2N+1 = exp{2/3J} - 1. (3.14) 

m,n = — N,...,N , m^tn 

We choose the number 27V + 2 = #(G(-TV, TV); 1) in the left-hand side of the equality (3.14). 
It is possible to choose any number 27V + M for an independent of TV number M. In view 
of the relation (3.14) the spontaneous magnetizations (1.16) and (3.11) are similar 



d_( Z (J, (2TV + 2)- 1 / 2 f3- 1 x; G(-N, TV)) ' 
n^L dx\ U Z o (0, (2TV + 2)- 1 / 2 p~ 1 x; G(-N, TV)) 



x = tanh f3H 



(2tanh/3#) lim (2TV + 2)" 1 V < a m a n > 2N +i ■ (3.15) 

m,n = — N,...,N, m<n 
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Below we prove the equalities similar to the equality (3.15) for the d - dimensional Ising 
model (d = 1, 2, 3) with the free boundary conditions and with the interaction energy J (si) 
depending on the edge s}. We obtain also the equalities similar to the equality (3.15) for the 
d - dimensional Z 2 electrodynamics (d = 2, 3) with the free boundary conditions and with 
the interaction energy J(sf ) depending on the face sf. 

The partition function with the constant magnetic field H(s p ) = H 

Z P (J,H;G(M)) = J2 exp{-0H o (d*<T*) + 0H £ (-1)^} (3.16) 

aP eCP(P(G(M)),Zf d ) sfeP(G(M)) 

is similar to the partition function (3.1). For p — 1 it is possible to consider the magnetic 
field H(s}) depending on the edge sj orientation. For H = the partition function (3.16) 
coincides with the partition function (2.12). By making use of the decomposition (2.8) 



r((-l)*) 



we get 



exp{l3H(-l) e } = cosh j3 H ]T (-l) xe (tanh/3#) 



exp{/3# £ (-1) CTP «)} = (coshf3H)*^ M ^ 

s P £P(G(M)) 

( \ 



X 



(3.17) 



£ (_ 1) (« P >X p ) ( tanh p H ) |X P |P( G (M)) 

\ X P£CP(P(G(M)),Zf d ) J 

The bilinear form (a p , x p ), the mapping r((— l) x ) and the length \x p \p(g(m)) are given by the 
relations (2.4), (2.18) and (2.50). If the magnetic field magnetic field H(sj) depends on the 
edge sj orientation, the right-hand side of the equality (3.17) is not so simple. The relations 
(2.16), (3.16), (3.17) imply 

Z p (J,H;G(M)) = Z p {J,0; G(M))(cosh f3H)# {G{M) ' p) S P {J, H; G{M)), 
S P (J,H;G{M)) = ( tanh W lxP|p(G(M)) a(x P ;C(M)). (3.18) 

X p £B p (P(G(M)),Zf d ) 

The correlation function (2.16) is equal to zero for x p i B p (P(G(M)),Zf d ). The relation 
(3.18) for p = is obtained in the paper [9]. For the vacuum (J(s P+1 ) = 0) the relations 
(2.10), (3.16) imply 

Z p (0,H;G(M)) = (2cosh/3#) #(G(M);p) . (3.19) 

The "energy" of the constant magnetic field H(s p ) = H for a non- boundary cell s p+1 G G(M) 
is the product H 2p+2 of the magnetic fields corresponding to 2p+2 boundary cells s P G ds P+1 . 
The total "energy" of the magnetic field H(s p ) = H is the sum over the cells s P+1 

E ( II H(s p ))^(#(G(My,p + l))H 2p+2 . (3.20) 

< +1 eP(G(M)) V^:« +1 :sp = l / 

We neglect the boundary cells s P+1 from P(G(M)). The "re-normalized" magnetic field 

H(s p ) = (#(G(M);p+ l))- 1/(2p+2) /3- 1 tanh/3/7 (3.21) 
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yields the constant "re-normalized total energy" (3.20). In view of the relations (3.18), (3.19) 
we get the spontaneous magnetization for the "re- normalized" magnetic field (3.21) 

d_( } Z p (J,(#(G(M);p+l)y^^^x;G(M)) \ 
G (mhzx, dx \ 11 Z p (0, (#(G(M);p+ l))-m*+*)0-i X] G(M)) J x=tanh/3H ~ 

Let us introduce the set of the connected cochains Af+^M) e C p+1 (P(G(M)),Zf d ): 

( S f 1 : s p )(s p+ 1 : sf) = 0, A?+ 1 (M)( S f 1 ) = 1, X p ^(M)(s p+1 ) = 1, i, ± j u (3.23) 
= l,...,k v The integer fcj < #(G(M); p + 1). The relations (2.37), (3.18) imply 
5 P ( J, (#(G(M);p + l))- 1 /(2 P+2)/3 -i tanh(W . G(M)) = 

J,G(M) 

l<ki Aft 1 (AT): (3.23) \« = 1 

(tanh((#(G(M);p + l))-^+ 2 )tanh^ 



x 



x 



l + E ^(M), £ Ag^M); G(M) ) ] . (3.24) 

yil = 1 n = 1 J J 

Due to the definition (2.13) the correlation function a(0; G(M)) = 1. It is easy to verify 

— tanhx = (coshx)^ 2 , |tanhx| < 
dx 

x = (4(G{M)-p + i))-V(2p+2) tanh ( /3i j). (3.25) 
The inequality (2.53) implies 

-l 



' / ki k\ \ \ 

l + E ^(M), £ A?r(M);G(M)j ) < 1. (3.26) 



v ii = 1 ii = 1 



If the support of the connected cochain ji p+l E C P+1 (P(G(M)), 7J^ d ) consists of the only 
cell s P+1 , then the length of its boundary 

\di2 p+1 \ P(G(M)) =2p + 2. (3.27) 

If the connected cochain fi p+1 6 C p+1 (P(G(M)),Zf d ) satisfies the equation (3.27), the 
length \[i p+1 \p(g(m)) = 1 for p = 1, d = 2. The length of the cochain |/i p+1 |p(G(M)) satisfying 
the equation (3.27) may be practically arbitrary for p = 0, d = 1, 2, 3 and for p — 1, d — 3. 
Let us introduce the connected cochains aC*(M) G C P+1 (P(G(M)), Zf d ), i x = l,...,ifci, 
satisfying the equations 

\dfi P t 1 \M)\ P{G{M)) =2p + 2, i\ = l,...,fci; 
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(s^ : sf)(*f 1 : *f) = 0, ^(M)^ 1 ) = 1, ^(M)^ 1 ) = 1, i x ^ Jl; (3.28) 
*i , Ji = 1, -, fa- 

The ratio of the total number of the shifts of the connected cochain A P+1 (M) from the 
group C P+1 (P(G(M)), Zf d ) in the graph G{M) and of the number #(G(M);p+l) tends to 
one when G(M) — > Z xd . Let the sign of the interaction energy J(s P+1 ) be independent of the 
cell s p+1 and the interaction energy J(s P+1 ) satisfy the inequality (2.56). By making use of 
the inequalities (2.55), (3.25), (3.26) it is possible to prove that in the right-hand side of the 
equality (3.24) the terms with the cochains (3.28) only may be nonzero when G(M) — > Z xd 

g,m^z*' S ' (J - (#(G(M);p+ l))-V(*+2> r i tanh(,3/f); G(M)) = 
l + ai ^£ (ft IK'WII^o 

V ' !< fc l //f+^M): (3.28) \n = l 



x (tanh((#(G(M); p + i))-V(2p+2) tan h(/3iJ))) 



2fei(p+l) 



x|l + «(E<W,E^(M);G(M)jj . (3.29) 

Due to the relations (2.20), (2.21), (2.23), (2.24) the left-hand side of the inequality (3.26) 
is equal to one for p — 0, d — 1 and p — 1, d — 2. For these theories the proof of the relation 
(3.52) similar to (3.15) is continued from the relation (3.50). The correlation function 

afZ^M), E< X (M);G(M) 

\U=1 11=1 , 

in the right-hand side of the equality (3.29) satisfies the equation (2.43). The connected 
cochains \ p 2 t^(M), % 2 = l,...,k 2 , in the equality (2.43) satisfy the equations (2.40) for 
the cochains //^(M) instead of the cochains A?J 1 (M). We divide the cochains AfjJ^M), 
i 2 = l,...,k 2 , into two sets. The first set consists of the connected cochains jx^^(M) e 
C P+1 (P(G(M)), Z 2 dd ), «2 = 1, k 2) satisfying the equations: for every number i 2 = 1, k 2 
there is only one number i 1 = 1, k\ such that 

(sr 1 : S f)(4 +1 = «f) = 1, ^W^ 1 ) = 1, < 1 (M)( S f x ) = 1. (3.30) 

The connected cochains l4Z\ M ) e C P+1 (P(G(M)), Z^), i 2 = l,...,ife 2 , satisfy also the 
equations similar to the first and the third equations (2.40) 

d^\M) = 0; 

(s^ : S f)(4 +1 = *D = 0, ^ 1 (M)( S f 1 ) = 1, ^(M)^ 1 ) = 1, < 2 ^ j 2 , (3.31) 

*2, 32 = 1, -, &2- 

The second set consists of the connected cochains ^(M) eC p+1 (P(G(M)), Zg*"), ? 2 = 
l,...,k 2 satisfying the equations: for every number i 2 = l,...,k 2 there exists the number 
i\ = 1, k\ such that 

3i,j,l, ( S P+1 : S f)(^ +1 : *f) = 1, < 1 (M)( S r 1 ) = 1, < 1 (M)( S f X ) = 1 (3.32) 
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and there exists the number i 2 = 1, k 2 such that 

(sr 1 : S f)(4 +1 = *f) = 1, ^(^(sf 1 ) = 1, ^(^(sf 1 ) = 1, 

3i, j,Z, = sf)(*f 1 = *f) = 1, ^M^ 1 ) = L /^(^D = 1 (3.33) 

for at least two different numbers = l,...,ki. The connected cochains v^{M) e 

C P+1 (P(G(M)), Z^), ?2 = 1, ^2, satisfy also the equations similar to the equations (3.31) 

9< 1 (M) = 0; 

( S f +1 : S f)( S f 1 : S f) = 0, < 1 (M)( S r 1 ) = 1, < X (M)( S f x ) = 1, i 2 ? j 2 , (3.34) 
*2, 32 — 1) ^2- We divide the sum (2.43) into two parts 

A- 



« 2 ( Efyg^M), E< 1 (M);G(M) 



v'l = 1 ii = 1 

fe 2 



E E n IK'WII 

l<fe ^(M): (3.30), (3.31) 



vi2 = l 



X 



1 + a f E ^(M), E mS'W, E /C(M); G(M)) ) , (3.35) 



V»i = 1 U = 1 h = 1 

^(E^g^M), E< 1 (M);G(M) 

\ii = l ii = l 

E E fftlK'WIUcw 

l<fc 2 t-P+^M): (3.32)-(3.34) \»2 = 1 

x ( 1 + a f E ^(M), E MK 1 E <\M)\ G(M)) ) . (3.36) 

V \U = 1 ii = 1 i 2 = 1 / / 

If the sign of the interaction energy J(sf +1 ) is independent of the cell sf +1 and the interaction 
energy J(sf +1 ) satisfies the inequality (2.56), then the inequalities (2.52), (2.53), (2.55)) and 
the equalities (3.35), (3.36) imply 

(fel fei \ 

E d^t\M), E < X (M);G(M) <1, 
h = i ii = i / 

< ft ( E ^(M), E <'(M); G(M) J < 1, (3.37) 

yh=l 11=1 / 

fel fel \ \ — 1 

l + « ( E d^(M), E < 1 (M);G(M) 

^i = l ii = l 

fei fei N x 

E I l + « 2 I E d^t\M), E < X (M);G(M) 

m = \ \ii = 1 ii = l 



X 



-ft ( E dittiM), E < X (M);G(M) ] ] . (3.38) 

V,ii = l ii = l 
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Let us substitute the equality (3.38) into the right-hand side of the equality (3.29). Now 
every term of the sum (3.29) with the term of the sum (3.38) for m > 1 contains the cochain 
i^ 1 (M) connecting together due to the relations (3.33) at least two cochains //^(M), 
fJ^{M) in the sum (3.29). These connected together cochains can move on the graph 
G(M) as one connected cochain. Hence the inequality (3.25) implies 

G( Jim zxd S P {J, (#(G(M);p + i))-V(2 P +2) /r i ta nh(/3#); G(M)) = 

i + G( J;- xd E E (fllK^WII^M) 

G( H 1<*1 ^(M): (3.28) \ii = l 



x (tanh((#(G(M);p+l))- 1 /( 2p+2 )tanh(/3iJ))) 



x 



2fei(p+l) 
1 



1 + "2 I E E < 'W; ^(M) ] ] . (3.39) 

iii = l ii = l 



We define the set of the cochains /j^ 1 (M), i n = l,...,k n , n = 1,2,..., from the group 
C p+1 (P(G(M)),Zf d ). The cochains /^(M), i x = l,...,k u satisfy the equations (3.28). 
The cochains n^(M), i n = 1, k n , for n > 2 satisfy the equations: for every number i n 
there exists the sequence of the cochains /i^ 1 (M),...,/x^ 1 (M) such that 

3iJ,l, (s^ : S f)(4 +1 = 4) = 1, lCl{MM +1 ) = 1, ^ +1)lm+1 (M)( S f x ) = 1, (3.40) 
m — 1, ...,n — 1, and any two sequences (3.40) 

3i,j,l, ( S f 1 : *f)( S f 1 : «f) = 1, &M)(4 +1 ) = 1, ^ 1)ira+1 (M)( S f *) = 1, 

3i, j,Z, (sf 1 : sf)(*f 1 : sf) = 1, ^(M)^ 1 ) = 1, ^(Af)^ 1 ) = 1, (3.41) 

m = 1, n — 1, with the same end: i n = j n have the same beginning: %\ = j\- The cochains 
H^(M), i n = 1, k n , for n > 2 satisfy also the equations similar to the equations (2.45) 

dfx p n t!(M) = 0, i n = l,...,k n ; 

(sf 1 : S f)(*f 1 : *f) = 0, ^l{MM +l ) = 1, ^(M)^ x ) = 1, 

i m 1 , . . . , /c m , % n 1, • • • , k n) in 1 , .. ., n 2 ^ 1, 

( S ? +1 : S f)( S f 1 : sf) = 0, ^(^(^r 1 ) = 1, tit( M M +1 ) = M» ^ ^, (3.42) 

in, in — l)-")^n- F° r n = 2 the equations (3.40) - (3.42) coincide with the equations 
(3.30), (3.31). The equations (3.41) mean that the set of the the cochains //^ +1 (M) G 
C P+1 (P(G(M)), Zf d ), ii = 1, fc,, Z = 1, 2, is fci cochain trees with the trunks ^(M), 
fj,^(M). By repeating the proof of the equality (3.39) it is possible to prove that the 
correlation function 

«2[E d^\M), f: tfZ\M);G(M) 

\n = l h = l 
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in the right-hand side of the equality (3.39) may be considered as the first term of the 
sequence of the correlation functions 

^fE^M.E^M),..., E /iJtV 1 (M);G(M) 

\ii = l ii = l i„_i = l 

E E ( f[ Mt\M)\\ JMM) 



l<fcn ^(M): (3.40)-(3.42) 
/ fci fci k„ \ \ 1 

i + on+i E ^(m), E /CW, E A 1 W; g(m) , (3.43) 



yi\ = l ll = l i n = 1 

n = 2, N — 1. For n = N the correlation function 



fci fci fcjv-i 

^IE^W'EmS'W'-. E ^ 1)lJV _ 1 (M);G(M) 

V«i = 1 ii = l i/v-i = 1 



E E II IKtMiu 



fcjV 

p+1 



G(M) 



l<fciv m5+^(Af): (3.40)-(3.42), n-^JV W = 1 



(/fci fci fcjV \ \ 

1 + a E dtfZ\M), E ^(M), E W; . (3.44) 

\H = 1 ii = 1 ijv = 1 / / 

iV is an arbitrary integer independent of the graph G{M). For N = 2 the relation (3.44) 
coincides with the relation (3.35). 

Let us define the sequence of the correlation functions 

(fci fci fcn-l 

E d^(M), E rfi*(M),..., E ^ n jM);G(M) 
11=1 11 = 1 in.— 1 = 1 

n — 2, N — 1, satisfying the relations (3.43) where the correlation function 

(fci fci fc/v-i \ 

ii = l ii = l ijv_i = l / 

instead of the correlation function (3.44). The relations (3.43) - (3.45) imply 

(fci fci fcn-l 

E^w.EmS'm,..., e <W.W; g w 
11 = 1 il=l in— 1 = 1 

(fci fci fcn-l 

E^m), e^m),..., E 
ii = 1 u = 1 i n _i = 1 

n ii/C^iu^ 
i„=i 

i 



X 



kn 

l + a n+1 ( E ^ffM, E tft\M),-, E lt£{M)\G{M) 

\h = l h = l i n = l 
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X 



/ fei fei k n \ 

1 + «n + i E d^n(M), £ < X (M), 2 lC\M)\ G(M) 



i «l = 1 ii = 1 i = 1 



x(« n+1 ( £ ^(M), £ /^(M),..., £ fx^(M); G(M) 

\ii = l h = l i n = l 

h\ h\ k n 

( E ^/O^a E ^W,..., E ] ], (3. 46 ) 

Ul = l ii = 1 j„ = 1 



(JV) 



fcl fel fejv-l 

. iE« 1 (4Etf(M).-. E ^Di^W^CM) 

y«i = 1 ii = l i N -i=l 

(fcl fei fcjv-i 

E^M.EmK'W,..., E ^ 1)liV _ 1 (M);G(M) 
ii = l ii = l ijv_i = l 

(fcl fci fcjv-i \ 

E^W-EtfW-- E <^ 1)ijv _ 1 (M);G'(M) . (3.47) 
11 = 1 «1 = 1 lAT_l=l / 

If the sign of the interaction energy J(sf +1 ) is independent of the cell then the inequality 
(2.52) and the definitions (3.43) - (3.45) imply 

(fei fel fen-1 \ 

E^/CW, E/CM,---, E ^ n JM);G(M)\>o, 
ii = l «i = l i„_i = l / 

(fel fei fen-l \ 

E dtft\M), £ <'(M), E <-ViM; <?(M) > 0, (3.48) 
ii = l ii = l l = 1 / 

n = 2, N. If the sign of the interaction energy J(sf +1 ) is independent of the cell sf +1 and 
the interaction energy J(sf +1 ) satisfies the inequality (2.56), then the inequalities (2.53), 
(2.55), (3.48) and the equalities (3.46), (3.47) imply that the difference (3.46), n = 2 is small 
for the large numbers N. Hence we get 

G( Jim zxd S P (J, (#(G(M);p + i))-m^2) fi -i tanh(/3jfJ) . G{M)) = 
1+ lim lim Y (tanh(f3H)) 2k ^ p+1 \MG(My,p+ l))- fcl V 

II E^ +1 (M)|| JiG( m) + f E ^^)- E ^iti{M)] G(M)\ \ . (3.49) 

i=i \ \ii=i h=i J J 

By making use of the proof of the equality (3.49) we get 

G( Jim zx ;(A;0!)- 1 (tanh(/3F))^^ 1 )(#(G(M); P +l))^ 



/ 

x 



fei 



y a(x P ;G(M)) = lim lim 

\ X p €B p (P(G(M)),Z^), |x p |p(G(M))=2p+2 
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fci 

(tanh(/3if))^^ 1 )(#(G(M);p+ 1))"* £ || £ ^(MJH JiG( m) 

^/(M): (3.28) ii = l 

xIi + ^Ie^W,^^);^! , (3.50) 

fci = 1, 2, .... All (fci)! possible ordering of the different cochains ^J 1 G C P+1 (P(G(M)), Z^ d ), 
i = 1, fci, give the same sum 

^< 1 e^ 1 (P(G(M)),Zf). 
u = i 

It explains the multiplier ((fci)!) -1 in the left-hand side of the equality (3.50). By making 
use of the equality (3.49) and summing up the equalities (3.50) we get 

G( Jim z><d S P (J, (#(G(M);p + i))-i/(2p+2 )/3 -i tanh(/ ^ ); G(M)) = 
G(A lim zxd exp|(tanh(/3iJ)) 2p+2 (#(G'(M);p+ I))" 1 x 

]T a( X p ;G(M))}. (3.51) 

By making use of the equality (3.22) and of the proof of the equality (3.51) we can prove 

j. d_ ( Z p (J,(#(G(M);p+l))-^^^x;G(M)) \ 
GiM^dx { Z p (0,mG(M);p + l))-y^)p-^G(M))J x=tanhpH 

2{p+l){tanhf3H) 2p+1 x 
G Jr Z x, (#(G(M);p+1)rl S «( X p ;G(M)). (3.52) 

( X p 6B P (TO),Zf), lx J '|p(G(M))=2p+2 

The equality (3.52) is proved for p — 0, d = 1,2,3 and for p = 1, d = 2,3. The equality 
(3.52) for p — 0, d — 1 and the constant interaction energy J(s)) coincides with the equality 
(3.15). The equality (3.52) for p = 0, d = 2 is proved in the paper [9]. 
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